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Abstract
Abelian topologically massive gauge theories (TMGT) provide a topological
mechanism to generate mass for a bosonic p-tensor field in any spacetime
dimension. These theories include the (2+1)-dimensional Maxwell–Chern–
Simons and (3+1)-dimensional Cremmer–Scherk actions as particular cases.
Within the Hamiltonian formulation, the embedded topological field theory
(TFT) sector related to the topological mass term is not manifest in the original
phase space. However, through an appropriate canonical transformation, a
gauge-invariant factorization of phase space into two orthogonal sectors is
feasible. The first of these sectors includes canonically conjugate gauge-
invariant variables with free massive excitations. The second sector, which
decouples from the total Hamiltonian, is equivalent to the phase-space
description of the associated non-dynamical pure TFT. Within canonical
quantization, a likewise factorization of quantum states thus arises for the
full spectrum of TMGT in any dimension. This new factorization scheme
also enables a definition of the usual projection from TMGT onto topological
quantum field theories in a most natural and transparent way. None of these
results rely on any gauge-fixing procedure whatsoever.
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1. Introduction

Topological field theories (TFT, see [1] for a review) have played an important role in a wide
range of fields in mathematics and physics ever since they were first constructed by Schwarz
[2] and Witten [3]. These theories actually possess so large a gauge freedom that their physical,
namely their gauge-invariant observables solely depend on the topology (more precisely, the
diffeomorphism equivalence class) of the underlying manifold. Another related feature of TFT
is the absence of propagating physical degrees of freedom. Upon quantization, these specific
properties survive, possibly modulo some global aspects related to quantum anomalies. As
a consequence, topological quantum field theories (TQFT) often have a finite-dimensional
Hilbert space and are quite generally solvable, even though their formulation requires an
infinite number of degrees of freedom. There exists a famous classification scheme for TQFT,
according to whether they are of the Schwarz or of the Witten type [1].

As a class of great interest, TFT of the Schwarz type have a classical action which is
explicitly independent of any metric structure on the underlying manifold and does not reduce
to a total divergence or surface term. The present work focuses on all such theories defined
by a sequence of Abelian B ∧ F theories for manifolds M of any dimension (d + 1) [2, 4, 5].
Given a real-valued p-form field A in �p(M) and a real-valued (d − p)-form field B in
�d−p(M), the general TFT action of interest is of the form

SB∧F [A,B] = κ

∫
M

(1 − ξ)F ∧ B − (−1)pξA ∧ H, (1)

κ being some real normalization parameter of which the properties are specified throughout the
discussion hereafter. This action is invariant under two independent classes of finite Abelian
gauge transformations acting separately in either the A- or B-sector,

A′ = A + α, B ′ = B + β, (2)

where α and β are closed p- and (d − p)-forms on M, respectively. The derived quantities
F = dA and H = dB are the gauge-invariant field strengths associated with A and B.
The arbitrary real variable ξ introduced in order to parametrize any possible surface term
is physically irrelevant for an appropriate choice of boundary conditions on M. Given the
definition of the wedge product, ∧, the integrand in (1) is a (d + 1)-form, the integration of
which over M does not require a metric. In the particular situation when the number of spatial
dimensions d is even and such that d = 2p with p itself being odd, in addition to the B ∧ F

theories defined by (1) there exist TFT of the Schwarz type involving only the single p-form
field A with the following action6:

SA∧F [A] = κ

∫
M

A ∧ F. (3)

These theories are said to be of the A ∧ F type. They include the Abelian Chern–Simons
theory in 2+1 dimensions [2, 6].

This sequence of TFT of the Schwarz type formulated in any dimension, and related to one
another through dimensional reduction [7], possesses some fascinating properties. First, the
space of gauge-inequivalent classical solutions is isomorphic to Hp(M)×Hd−p(M),Hp(M)

being the pth cohomology group of the manifold M. Second, the types of topological terms
contributing to these actions define generalizations to arbitrary dimensions of ordinary two-
dimensional anyons. Namely, non-local holonomy effects give rise to exotic statistics for
the extended objects which may be coupled to the higher order tensor fields [8, 9]. Third,
these types of quantum field theories display profound connections between mathematics and

6 If p is even with d = 2p, this action reduces to a surface term.
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physics for what concerns topological properties related, say, to the motion group, the Ray–
Singer torsion and link theory. These connections appear within the canonical quantization7

of these systems [11, 10].
Furthermore, within the context of dynamical relativistic (quantum) field theories in any

spacetime dimension, which is a general framework of potential relevance to fundamental
particle physics as well as mathematical investigations for their own sake, such topological
B ∧ F terms may be considered to define couplings between two independent tensor fields
whose dynamics is characterized by the following action, provided the spacetime manifold
M is endowed now with a Lorentzian metric structure (of mostly negative signature) allowing
for the introduction of the associated Hodge ∗ operator

STMGT[A,B] =
∫
M

1

2e2
(−1)pF ∧ ∗F +

1

2g2
(−1)d−pH ∧ ∗H

+ κ

∫
M

(1 − ξ)F ∧ B − (−1)pξA ∧ H. (4)

The notations are those introduced previously. Given a choice of units such that c = 1, the
physical dimensions of A and B are L−p and L−d+p, respectively, whereas the multiplicative
constant κ possesses the same physical dimension as the action. The parameters e and g are
arbitrary real constants corresponding to coupling constants when matter fields coupled to
A and B are introduced. Without loss of generality for the present analysis, the parameters
e and g are assumed to be strictly positive. In 3+1 dimensions, one recovers the famous
Cremmer–Scherk action [12, 13] and in 2+1 dimensions, the doubled Chern–Simons theory
[14]. It is well known that the topological terms generate a mass for the dynamical tensor
fields without breaking gauge invariance. Introducing an appropriate choice of gauge fixing,
it is possible to render one of the tensor fields massive through a combination with the other
tensor field [13]. In the particular circumstance that d = 2p with p odd, a topological term
of the A ∧ F type (3) generates also a mass even though the action involves a single p-form
field A:

STMGT[A] =
∫
M

−1

2e2
F ∧ ∗F +

κ

2
A ∧ F. (5)

In 2+1 dimensions, this action defines the well-known Maxwell–Chern–Simons theory [15].
The outline of the paper is as follows. Section 2 discusses a new property of the Abelian

TMGT valid whatever the number of space dimensions and the value of 0 � p � d for
the p- and (d − p)-form fields: the ‘physical–topological’ factorization of their degrees of
freedom. This result is achieved within the Hamiltonian formulation through a canonical
transformation of classical phase space leading to two independent and decoupled sectors8.
The first of these sectors, namely the ‘physical’ one, consists of gauge-invariant variables
which are canonically conjugate and describe free massive propagating physical degrees of
freedom. The second sector, namely the ‘topological’ one, consists of canonically conjugate
gauge-variant variables which are decoupled from the total Hamiltonian and, hence, are
non-dynamical. This sector is equivalent to a pure TFT of the A ∧ F or B ∧ F type.
This factorization enables the identification of a mass generating mechanism for any p-form
(or, by dualization, any (d − p)-form) without introducing any gauge-fixing conditions or
second-class constraints whatsoever as has heretofore always been the case in the literature.
Section 3 addresses the Dirac quantization of these systems, with the identification of
the spectrum of physical states through a likewise factorization extended to the space of

7 When M = R × �, the physical Hilbert space is the set of square integrable functions on Hp(�) [4].
8 In other words, the Poisson brackets of variables belonging to the two distinct sectors vanish identically.
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quantum states. Finally, section 4 discusses how the factorization leads to a most transparent
understanding of the projection from TMGT onto TQFT in whatever spacetime dimension in
the limit of an infinite topological mass.

2. Gauge-invariant factorization of the classical theory

2.1. Hamiltonian formulation

Because of the built-in gauge invariances of these systems, the analysis of the constraints
[16, 17] of topologically massive gauge theories is required in order to identify their
Hamiltonian formulation. Given the total action (4) written out in a component form, the
associated Lagrangian density reads

LTMGT =
√

h

2e2

(−1)p

(p + 1)!
Fµ1···µp+1F

µ1···µp+1 +

√
h

2g2

(−1)d−p

(d − p + 1)!
Hν1···νd−p+1H

ν1···νd−p+1

+ κ
(1 − ξ)

(1 + p)!(d − p)!
εµ1···µp+1ν1···νd−pFµ1···µp+1Bν1···νd−p

− κ
ξ(−1)p

p!(d − p + 1)!
εµ1···µpν1···νd−p+1Aµ1···µp

Hν1···νd−p+1, (6)

where Greek indices, µ, ν = 0, 1, . . . , d , denote the coordinate indices of the spacetime
manifold M while h is the absolute value of determinant of the metric. According to our
conventions, the components of the field strength tensors are given as

Fµ1···µp+1 = 1

p!
∂[µ1Aµ2···µp+1], Hν1···νd−p+1 = 1

(d − p)!
∂[ν1Bν2···νd−p+1], (7)

where square brackets on indices denote total antisymmetrization. The above expression with
the single parameter κ multiplying each of the topological B ∧ F and A ∧ H terms while ξ

parametrizes a possible surface term does not entail any loss of generality. Had two independent
parameters κ and λ multiplying each of the topological terms been introduced, only their sum,
(κ + λ), would have been physically relevant, the other combination corresponding in fact to
a pure surface term.

In order to proceed with the Hamiltonian analysis, the spacetime manifold M is now
taken to have the topology of M = R × �, where � is a compact orientable d-dimensional
Riemannian space manifold without boundary. Adopting then synchronous coordinates on
M, the spacetime metric takes the form ds2 = dt2 − h̃ij dxi dxj , h̃ij (�x) being the Riemannian
metric on �. Here Latin indices, i = 1, . . . , d, label the space directions in �. The
configuration space variable A(t, �x) may then be separated into its temporal component
dt ∧A0(t, �x), with A0(t, �x) being a (p −1)-form on �, and its remaining components Ã(t, �x)

restricted to �p(�):

A0(t, �x) = 1

(p − 1)!
A0i1...ip−1(t, �x) dxi1 ∧ · · · ∧ dxip−1 ,

Ã(t, �x) = 1

p!
Ai1···ip (t, �x) dxi1 ∧ · · · ∧ dxip .

(8)

A similar decomposition applies to the (d − p)-form B(t, �x).
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The actual phase-space variables are then the spatial components Ã and B̃ along with
their conjugate momenta P̃ and Q̃ defined to be the following differential forms on �:

P̃ = 1

p!

1√
h

h̃i1j1 . . . h̃ipjp
P i1...ip dxj1 ∧ · · · ∧ dxjp ,

Q̃ = 1

(d − p)!

1√
h

h̃i1j1 . . . h̃id−pjd−p
Qi1···id−p dxj1 ∧ · · · ∧ dxjd−p ,

(9)

of which the pseudo-tensorial space components are P i1...ip and Qi1···id−p . Expressed in terms
of the configuration space variables, these latter quantities are given as

P i1...ip =
√

h

e2
F0j1...jp

h̃i1j1 . . . h̃ipjp + κ
(1 − ξ)

(d − p)!
εi1...ipj1···jd−pBj1···jd−p

,

Qi1...id−p =
√

h

g2
H0j1...jd−p

h̃i1j1 . . . h̃id−pjd−p − κ
ξ

p!
(−1)p(d−p)εi1···id−pj1···jpAj1···jp

,

(10)

while the symplectic structure of Poisson brackets is characterized by the canonical brackets{
Ai1...ip (t, �x), P j1...jp (t, �y)

} = δ
j1
[i1

. . . δ
jp

ip]δ
(d)(�x − �y),{

Bi1...id−p
(t, �x),Qj1...jd−p (t, �y)

} = δ
j1
[i1

. . . δ
jd−p

id−p]δ
(d)(�x − �y).

(11)

A priori, phase space also includes the canonically conjugate variables A0 and P 0, and B0 and
Q0.

The Legendre transform of the Lagrangian (6) leads to the total gauge-invariant
Hamiltonian,

H = e2

2
(∗P̃ − κ(1 − ξ)B̃)2 +

1

2e2
(dÃ)2 + (u, P 0)

+
g2

2
(∗Q̃ + κξ(−1)p(d−p)Ã)2 +

1

2g2
(dB̃)2 + (v,Q0) + (surface term)

+
∫

�

(−1)p(u′ + A0) ∧ d(∗P̃ + κξB̃)

+
∫

�

(−1)d−p(v′ + B0) ∧ d(∗Q̃ − κ(1 − ξ)(−1)p(d−p)Ã). (12)

In this expression as well as throughout hereafter, the Hodge ∗ operation is now considered
only on the space manifold � endowed with the Riemannian metric h̃ij . In (12) the inner
product on �k(�) × �k(�) is constructed as

(ωk)
2 = (ωk, ωk) with (ωk, ηk) =

∫
�

ωk ∧ ∗ηk. (13)

The quantities u′ and v′ are Lagrange multipliers for the two first-class constraints associated
with Abelian gauge symmetries while u and v are those for the first-class constraints P 0 = 0
and Q0 = 0 arising because the fields A0 and B0 are auxiliary degrees of freedom of which
the time derivatives do not contribute to the action. Upon reduction to the basic layer of the
Hamiltonian nested structure [16], P 0 and Q0 decouple from the system, whereas A0 and
B0 play the role of Lagrange multipliers enforcing the two Gauss laws. These constraints
generate those gauge transformations in (2) which are continuously connected to the identity
transformation, namely the so-called small gauge symmetries, one generated by the fields P̃

and B̃ and the other by Ã and Q̃, respectively. Note that given Hodge duality, the phase-space
variables are associated with isomorphic spaces, �p(�) ≡ �d−p(�). Hence at any given
spacetime point, phase space has dimension 4C

p

d .
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2.2. The physical–topological (PT) factorization

The above results are well known. However, the fields used to construct the theory do not
necessarily create physical states since these are not gauge-invariant variables. Therefore,
let us now introduce the new physical–topological factorization of the classical theory, by
also requiring that these field redefinitions are canonical and preserve canonical commutation
relations. First consider the quantities

A = − 1

κ
(−1)p(d−p) ∗ Q̃ + (1 − ξ)Ã, B = 1

κ
∗ P̃ + ξB̃, (14)

defined on the dual sets �p(�) and �d−p(�). This choice is made in such a way that the two
Gauss laws are expressed in term of these variables only, as is the case for a topological B ∧F

theory,

κ(−1)p(d−p) dA = 0, (−1)pκ dB = 0. (15)

As a matter of fact, these variables are canonically conjugate,{
Ai1...ip (t, �x),Bj1...jd−p

(t, �y)
} = 1

κ
εi1...ipj1...jd−p

δ(d)(�x − �y). (16)

The two finite gauge transformations in (2) act on these new variables according to the relations

A′ = A + α, B′ = B + β. (17)

At a given spacetime point, these canonically conjugate variables carry 2C
p

d degrees of
freedom. The remaining 2C

p

d degrees of freedom are associated with the following pair
of gauge-invariant variables:

G = Q̃ + κξ ∗ Ã, E = P̃ − κ(1 − ξ)(−1)p(d−p) ∗ B̃. (18)

Their pseudo-tensor Lorentz components are defined as in (9) while they possess the following
non-vanishing canonical Poisson brackets:{

Ei1...ip (t, �x),Gj1...jd−p (t, �y)
} = −κεi1...ipj1...jd−p δ(d)(�x − �y). (19)

When considered in combination with the equations of motion, these variables correspond to
the non-commutative electric fields associated, respectively, with the field strength tensors of
A and B, see (7). Consequently, we have achieved a coherent reparametrization of phase space
which, in fact, factorizes the system into two orthogonal sectors, namely sectors of which
mutual Poisson brackets vanish identically,{

Ai1...ip (t, �x), Ej1...jp (t, �y)
} = 0,

{
Ai1...ip (t, �x),Gj1...jd−p (t, �y)

} = 0,{
Bi1...id−p

(t, �x), Ej1...jp (t, �y)
} = 0,

{
Bi1...id−p

(t, �x),Gj1...jd−p (t, �y)
} = 0.

Finally in order to obtain the basic nested Hamiltonian formulation [16] within the factorized
parametrization, the Lagrange multipliers in (12) may be redefined in a convenient way as

u = Ȧ0, A0 = A0 + u′ +
(−1)(p−1)(d−p)

2g2κ2
∗ d(κB − 2 ∗ E),

v = Ḃ0, B0 = B0 + v′ +
(−1)p

2e2κ2
∗ d(κA + (−1)p(d−p)2 ∗ G),

where a dot stands for differentiation with respect to the time coordinate, t ∈ R. Consequently,
the basic total first-class Hamiltonian of the system reads

H [E,G,A,B] = e2

2
(E)2 +

1

2κ2g2
(d†E)2 +

g2

2
(G)2 +

1

2e2κ2
(d†G)2

+ κ

∫
�

(−1)pA0 ∧ dB − (−1)(p+1)(d−p)B0 ∧ dA, (20)
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where d† = ∗d∗ is the coderivative operator. Obviously, A0 and B0 are Lagrange multipliers
enforcing the first-class constraints which generate the small gauge transformations in (17),

G(1) = dA G(2) = dB. (21)

When restricted to the physical subspace for which these constraints are satisfied, the above
gauge-invariant Hamiltonian reduces to a functional depending only on the dynamical physical
sector, given by the expression in the first line of (20).

These redefinitions of the phase-space variables have indeed achieved the announced
factorization. A first sector is comprised of the variables constructed in (14), which decouple
from the physical Hamiltonian and are therefore non-propagating degrees of freedom.
Furthermore, the canonically conjugate variables A and B actually share the same Poisson
brackets, Gauss law constraints and gauge transformations as the phase-space description of a
pure B ∧ F topological field theory constructed only from the topological terms in action (6).
Hence this ‘topological field theory (TFT) sector’ accounts for the B ∧ F theory embedded
into the topologically massive gauge theory.

Physical and non-physical degrees of freedom are mixed in the original phase space.
Our redefinition of fields deals with the original degrees of freedom in such a way that
within the Hamiltonian formalism, non-propagating (and gauge-variant) degrees of freedom
are decoupled from the dynamical sector. This latter sector describes only physical degrees of
freedom, namely the gauge-invariant canonically conjugate electric fields, which diagonalize
the physical Hamiltonian (20) in such a way that they acquire a mass through a mixing of the
original variables (18). However, the Poisson bracket structure remains unaffected since these
field redefinitions define merely a canonical transformation. On account of Hodge duality
between �p(�) and �d−p(�), one readily identifies in the dynamical sector the Hamiltonian
of a massive p-form field of mass m = h̄µ:

H [C,E,A,B] = µ2

2
(C)2 +

1

2
(dC)2 +

1

2
(E)2 +

1

2µ2
(dE)2 + HTFT[A,B].

In comparison with (20) the following identifications have been applied:

µ = |κeg| E → E

e
∗G = eκ(−1)p(d−p)C,

where C is a p-form field of which the Lorentz components are covariant in the manner of (8).
Physical phase space is then endowed with the elementary Poisson brackets{

Ci1...ip (t, �x), Ej1...jp (t, �y)
} = δ

j1
[i1

· · · δjp

ip]δ
(d)(�x − �y).

Alternatively, one may also obtain the Hamiltonian of a massive (d − p)-form field of mass
m = h̄µ:

H [C,G,A,B] = µ2

2
(C)2 +

1

2
(dC)2 +

1

2
(G)2 +

1

2µ2
(dG)2 + HTFT[A,B],

in which, in comparison with (20), the following identifications have been applied:

G → G

g
∗E = −gκC.

In this case, C is a (d − p)-form field with covariant Lorentz components as in (8). The
elementary Poisson brackets for these physical phase-space variables are{

Ci1...id−p
(t, �x),Gj1...jd−p (t, �y)

} = δ
j1
[i1

· · · δjd−p

id−p]δ
(d)(�x − �y).

To conclude this discussion of the factorized Hamiltonian formulation of these TMGT,
let us emphasize once more that no gauge-fixing procedure whatsoever was applied, in
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contradistinction to all discussions available until now in the literature leading to an
identification of the physical content of these theories. Through the present approach, the
TFT content of TMGT is made manifest in a most transparent and simple manner, with in
addition a decoupling of the actual physical and dynamical sector of the system from its
purely topological one; the latter carrying only topological information characteristic of the
underlying spacetime manifold.

2.3. Hodge decomposition

The space manifold � having been assumed to be orientable and compact, let us now consider
the consequences of its cohomology group structure, especially in the case when the latter
could be non-trivial. Throughout the discussion it is implicitly assumed that the p- and (d−p)-
form fields A and B are globally defined differentiable forms in �p(M) and �d−p(M). When
parametrizing the theory in terms of the PT factorized variables, the latter assumption of a
topological character concerns only the TFT sector. The variables of the dynamical sector
are already globally defined whatever the topological properties of the original variables. By
virtue of the Hodge theorem [18], the phase-space variables of the TFT sector, thus globally
defined on � itself endowed with the Riemannian metric h̃ij , may uniquely be decomposed
for each time slice into the sum of an exact, a co-exact and a harmonic form with respect to
the inner product specified in (13),

A = Ae + Ac + Ah, B = Be + Bc + Bh. (22)

A likewise decomposition applies to the dynamical sector.
Such a decomposition amounts to a split of the fields into a longitudinal part (subscript

L), a transverse part (subscript T) and a ‘global’ part. The transverse and longitudinal parts
are associated with idempotent orthogonal projection operators,

�T
(p) = 1

	⊥
(p)

d†
(p+1)d(p), �L

(p) = 1

	⊥
(p)

d(p−1) d†
(p),

�T
(p) : �p(�) → (

Z
†
⊥
)p

(�), �L
(p) : �p(�) → Z

p

⊥(�),

(23)

where 	⊥
(p) is the Laplacian operator acting on the space �

p

⊥(�) of p-forms from which

the kernel ker	(p) of the Laplacian 	(p) has been subtracted, while
(
Z

†
⊥
)p

(resp. Z
p

⊥) is the
space of co-closed (resp. closed) p-forms non-cohomologous to zero. One therefore has the
following properties:

(−1)p(d−p)�T
(p) = ∗�L

(d−p)∗, �T
(p) + �L

(p) = Id⊥
(p),

where ∗ is the Hodge star operator on � and Id⊥
(p) is the identity operator on the subspace

�
p

⊥(�).
In order that the longitudinal and transverse components possess the same physical

dimensions as the original fields, the Hodge decomposition of fields may be expressed in
terms of a convenient normalization,√

	⊥A = dAL + d†AT ,
√

	⊥B = dBL + d†BT . (24)

Let us then define a new set of variables in the TFT sector, using the projection operators (23),

ϕ = �T
(p−1)AL, ∗Qϑ = �L

(p+1)AT ,

ϑ = �T
(d−p−1)BL, ∗Pϕ = �L

(d−p+1)BT ,
(25)

where the components of ∗Pϕ and ∗Qϑ are pseudo-tensors defined in a manner analogous
to the conjugate momenta in (9). In terms of these new variables the non-vanishing Poisson
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brackets are {
ϕi1...ip−1(t, �x), P

j1...jp−1
ϕ (t, �y)

}
= 1

κ
(�T )

j1...jp−1

i1...ip−1
δ(d)(�x − �y),{

ϑi1...id−p−1(t, �x),Q
j1...jd−p−1

ϑ (t, �y)
}

= − 1

κ
(�T )

j1...jd−p−1

i1...id−p−1
δ(d)(�x − �y).

In conclusion, in the TFT sector, rather than working in terms of the phase-space variables A
and B one may parametrize these degrees of freedom in terms of the ‘longitudinal’ fields ϕ and
ϑ as well as their conjugate momenta, namely the ‘transverse’ fields Pϕ and Qϑ , to which the
harmonic components Ah and Bh of A and B must still be adjoined. The same procedure may
be applied to the variables of the dynamical sector. The Hamiltonian (20) then decomposes
into a transverse, a longitudinal and a harmonic contribution from these latter variables only.

A natural consequence of the Hodge decomposition is the isomorphism between the pth
de Rham cohomology group, Hp(�, R), and the space of harmonic p-forms, ker 	(p). This
means that each equivalence class of Hp(�, R) has a unique harmonic p-form representative
identified through the inner product (13). It is possible to choose a basis for ker 	(p) in such a
way that the harmonic component of any p-form is expressed in a topological invariant way.
This may be achieved by defining a topological invariant isomorphism between the components
of an equivalence class of the pth (singular) homology group Hp(�, R) and the components of
a form in ker 	(p) (the p-homology group is the set of equivalence classes of p-cycles differing
by a p-boundary). Thus, instead of constructing the basis from the Hodge decomposition inner
product (13), one uses the bilinear, non-degenerate and topological invariant inner product �

defined by

� : Hp(�) × Hp(�) → R : �([�], [ω]) =
∫

�

ω, (26)

making explicit the Poincaré duality between homology and cohomology groups [18]. Given
the Hodge theorem, this inner product naturally induces a topological invariant inner product
between the equivalent classes of Hp(�) and the elements of ker 	(p). Therefore, if one
introduces generators of the free Abelian part of the pth singular homology group of rank
Np,

{
�

γ

(p)

}Np

γ=1, a convenient dual basis {Xγ } of ker 	(p) may be chosen such that

�
([

�α
(p)

]
, Xβ

) = δαβ.

Using the duality (26), the harmonic component Ah of the p-form variable A is thus
decomposed according to

Ah =
Np∑
γ=1

�
([

�
γ

(p)

]
, Ah

)
Xγ .

These components of Ah in the basis {Xγ } are topological invariants because they express the
periods of A over the cycle generators of Hp(�). This is thus nothing other than the classical
Wilson loop argument over these generators

aγ =
∮

�
γ

(p)

Ah. (27)

In other words, the variables aγ (t) specify the complete set of remaining ‘global’ degrees of
freedom in the TFT sector for the field A:

Ah(t, �x) =
Np∑
γ=1

aγ (t)Xγ (�x).
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In a likewise manner, the harmonic component of the (d − p)-form variable B may be
decomposed according to

Bh =
Np∑
γ=1

�
([

�
γ

(d−p)

]
, Bh

)
Y γ ,

where {Y γ } is the dual basis of the cycle generators in Hd−p(�),
{
�

γ

(d−p)

}Np

γ=1. Hence, the
components of harmonic (d − p)-forms are expressed as

bγ =
∮

�
γ

(d−p)

Bh, (28)

leading to a similar decomposition of the ‘global’ degrees of freedom for the dual field B:

Bh(t, �x) =
Np∑
γ=1

bγ (t)Y γ (�x).

The Poisson brackets between the above global variables are topological invariants

{aγ , bγ ′ } = 1

κ
Iγγ ′

, (29)

namely the signed intersection matrix of which each entry is the sum of the signed intersections
of the generators of Hp(�) and Hd−p(�):

I γ γ ′ = I
[
�

γ

(p), �
γ ′
(d−p)

]
. (30)

Within our approach, we recover the results of [19, 10, 11] in 2+1 (on the torus), 3+1 and d+1
dimensions, respectively.

2.4. Large and small gauge transformations

Only the TFT sector is not gauge invariant. Its phase-space variables transform exactly like in
a pure B ∧ F theory, see (17). Let us recall that in (17), α and β are, respectively, closed p-
and (d −p)-forms on �. In the case of a homologically trivial space � any closed form is also
exact. In the case of a homologically non-trivial space �, according to the Hodge theorem any
closed form α or β may uniquely be decomposed (for a given metric structure) into the sum of
an exact and a harmonic form. The exact parts of α and β define small gauge transformations,
generated by the two Gauss law first-class constraints (15). Given the Hodge decompositions
in the TFT sector (24) and (25), these constraints, which require that the phase-space variables
A and B of the TFT sector be closed forms, reduce to

G(1) =
√

	⊥ ∗ Qϑ, G(2) =
√

	⊥ ∗ Pϕ. (31)

Small gauge transformations act only on the exact part of the TFT sector fields by translating
them, namely in terms of the longitudinal (p−1)- and (d −p−1)-form fields defined in (25),

ϕ′ = ϕ + αL, ϑ ′ = ϑ + βL,

where αL and βL are, respectively, the longitudinal (p−1)- and (d −p−1)-forms defining the
exact components of the gauge-transformation forms α and β through a construction similar
to that in (25). The harmonic components of α and β define the associated large gauge
transformations.

The physical classical phase space in the TFT sector is the set of all field configurations
A and B obeying the first-class constraints setting to zero their transverse degrees of freedom,
see (31), and identified modulo the action of all gauge transformations, whether small or large.
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Since under small transformations the longitudinal modes ϕ and ϑ are gauge equivalent to the
trivial configuration of vanishing longitudinal fields, like in any pure B ∧ F TFT the physical
phase space of the TFT sector, so far for what concerns small gauge symmetries, is thus finite
dimensional and isomorphic to the ensemble of harmonic forms defined modulo exact forms

P = Hp(�, R) ⊕ Hd−p(�, R), (32)

where Hp(�, R) is the pth de Rham cohomology group. Let us recall that according to
Poincaré duality, Hp(�) is isomorphic to Hd−p(�). Hence, whether one considers functionals
of harmonic p-forms or (d − p)-forms is of no consequence. The finite dimension of this
group is given by the corresponding Betti number Np (for example in the case of the torus,
� = Td,Np = C

p

d ). The physical phase space of the TFT sector is thus spanned by the
global degrees of freedom aγ (t) and bγ (t), which are indeed obviously invariant under all
small gauge transformations. However, this phase space is subjected to further restrictions
still, stemming from large gauge transformations.

In a manner similar to the above characterization of the physical phase space in the TFT
sector, the modular group is the quotient of the full gauge group by the subgroup of small
gauge transformations generated by the first-class constraints, namely essentially the set of
large gauge transformations (LGT) defined modulo small gauge transformations. Large gauge
transformations cannot be built from a succession of infinitesimal transformations. They
correspond to the cohomologically non-trivial, namely the harmonic components of α and
β. Rather than requiring strict invariance of the global phase-space variables aγ and bγ

under large gauge transformations, having in mind compact U(1) Abelian gauge symmetries
defined in terms of univalued pure imaginary exponential phase factors, the global physical
observables to be considered and thus to be required to remain invariant under large gauge
transformations are the holonomy or Wilson loop operators of the TFT sector around compact
orientable submanifolds �p and �d−p in �. The only non-trivial Wilson loops are those
around homotopically non-trivial cycles, namely elements [�p] of Hp(�, Z) which may be

decomposed in the basis
{
�

γ

(p)

}Np

γ=1. Consequently, given the basis of ker 	(p) constructed
from (26) one has the following set of global Wilson loop observables:

W [�(p)] = exp


i

Np∑
γ=1

σγ

∮
�

γ

(p)

A


 = exp


i

Np∑
γ=1

σγ aγ


 ,

W [�(d−p)] = exp


i

Np∑
γ=1

σ̃ γ

∮
�

γ

(d−p)

B


 = exp


i

Np∑
γ=1

σ̃ γ bγ


 ,

where σγ , σ̃ γ are arbitrary integers. Large gauge transformations associated with closed forms
α and β act on the global variables aγ and bγ according to

a′γ = aγ + αγ , b′γ = bγ + βγ , (33)

where αγ and βγ are given by

αγ =
∮

�
γ

(p)

α, βγ =
∮

�
γ

(d−p)

β.

Although the Wilson loops are constructed on the free Abelian homology group Hp(�, Z),
the cohomology group including the large gauge-transformation parameters is dual to the
singular homology group Hp(�, R). Hence, the only allowed large gauge transformations
correspond to components of the harmonic content of the forms α and β which are discrete
and quantized,

αγ =
∮

�
γ

(p)

α = 2π�
γ

(p), βγ =
∮

�
γ

(d−p)

β = 2π�
γ

(d−p). (34)
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Here �
γ

(p) and �
γ

(d−p) are integers which characterize the winding numbers of the large gauge
transformations, namely the periods of these transformations around the homology cycle
generators. The requirement of gauge invariance of all Wilson loops hence constrains the
parameters of large gauge transformations to belong to the dual of the free Abelian homology
group. As a consequence, finally the physical classical phase space in the TFT sector is the
quotient of the de Rham cohomology group Hp(�, R) ⊕ Hd−p(�, R) by the additive lattice
group defined by the transformations,

a′γ = aγ + 2π�
γ

(p), b′γ = bγ + 2π�
γ

(d−p),

namely a finite-dimensional compact space having the topology of a torus of dimension 2Np.

3. Canonical quantization and physical states

3.1. Physical Hilbert space factorization

The BRST formalism offers a powerful and elegant quantization procedure for TMGT but
requires the introduction of ghosts. In some respects, this formalism has also been used
for the definition and characterization of topological quantum field theories [1]. In a
related manner, the path integral quantization of these theories also brings to the fore the
characterization of topological invariants through concepts of quantum field theory. For
example, the two-point correlation function of B ∧ F (and A ∧ F ) theories provides a
quantum field theoretic realization of the linking number of two surfaces of dimensions p
and (d − p) embedded in M and its path integral representation through the Ray–Singer
analytic torsion of the underlying manifold. Notwithstanding these achievements, this paper
will not rely on such methods which necessarily require some gauge-fixing procedure. Rather,
ordinary Dirac canonical quantization methods will be implemented to unravel the physical
content of TMGT. First, this quantization procedure is best adapted to a condensed matter
interpretation. It also enables to deal with large gauge transformations on homologically non-
trivial manifolds. Second, the new physical–topological (PT) factorization identified within
the Hamiltonian formulation independently of any gauge-fixing procedure makes canonical
quantization especially attractive.

Canonical quantization readily proceeds from the correspondence principle, according to
which classical Poisson brackets are mapped onto equal time quantum commutation relations
for the classical variables which are promoted to linear self-adjoint operators acting on the
Hilbert space of quantum states in the Schrödinger picture at the reference time t = t0:

[
Âi1...ip (t0, �x), B̂j1...jd−p

(t0, �y)
] = ih̄

κ
εi1...ipj1...jd−p

δ(d)(�x − �y),

[
Êi1...ip (t0, �x), Ĝj1...jd−p (t0, �y)

] = − ih̄

κ
εi1...ipj1...jd−p δ(d)(�x − �y).

A possible representation of the associated Hilbert space is in terms of functionals �[A, E]
with their canonical Hermitian inner product defined in terms of the field degrees of freedom
A(�x) and E(�x).

It should be clear that the PT factorization identified at the classical level extends to the
quantum system. The full Hilbert space of the system factorizes into the tensor product of
two separate and independent Hilbert spaces, each of which is the representation space of
the operator algebra of either the gauge-invariant dynamical sector or the TFT sector. As a
consequence of the complete decoupling of these two sectors, one of which contributes to
the physical Hamiltonian only, the other to the first-class constraint operators only, a basis of



Gauge-invariant factorization and canonical quantization of massive gauge theories 9621

the space of quantum states may be constructed in terms of a likewise factorization of wave
functionals. Symbolically one has

�[A, E] = �[E]�[A].

The component �[E] associated with the dynamical sector is manifestly gauge invariant and
is the only one which contributes to the energy spectrum. The physical Hilbert subspace
associated with the TFT sector consists of those states wave functionals �P [A] which are
invariant both under small gauge transformations, namely which belong to the kernel of
the first-class constraint operators generating these transformations, and under the large gauge
transformations9 characterized in the previous section in terms of their lattice action on
harmonic p- and (d − p)-forms.

When the space manifold � is topologically trivial, for instance in the case of the
hyperplane, quantization of TMGT does not offer much interest per se besides the free
dynamics of the dynamical sector, since the TFT sector then possesses a single gauge-invariant
quantum state. However, in the presence of external sources, or when the space manifold �

does have non-trivial topology, new and interesting features arise. In the latter situation, to be
addressed hereafter, the finite though multi-dimensional gauge invariant content of the TFT
sector, �P [A], does not contribute to the energy spectrum. Hence it induces a degeneracy
of the energy eigenstates of the complete system. As demonstrated later, this degeneracy is
restricted by gauge invariance under large gauge transformations (LGT). Since the physical
wave functional �P [A] in the TFT sector coincides with that of a pure topological quantum
field theory, one recovers the results of R. J. Szabo [10] who solved in the Schrödinger
picture the pure topological B ∧ F theory (as well as in the presence of sources) in any
dimension.

3.2. The topological sector: Gauss’ constraints and LGT

3.2.1. Hilbert space and holomorphic polarization. At the classical level, phase space has
been separated into two decoupled sectors: the TFT and the dynamical sectors. According
to the Hodge decomposition theorem (22), each of the corresponding fields may in turn be
decomposed into three further subsectors in terms of their longitudinal, transverse and global
components. The Gauss law constraints in conjunction with invariance under small gauge
transformations reduce the TFT sector to its global variables only, characterized by the vector
space P of the de Rham cohomology group in (32), which is to be restricted further into a
compact torus by the lattice action of the appropriate discrete large gauge transformations.
Likewise in the dynamical sector, the global degrees of freedom of phase space are also purely
topological and are again isomorphic to the 2Np-dimensional symplectic vector space P in
(32). In each case, these spaces are spanned by the global variables defined as in (27) and
(28), namely (aγ , bγ ) and (Eγ ,Gγ ), respectively. It is quite natural to introduce for these
even-dimensional vector spaces a complex structure parametrized by a Np × Np complex
symmetric matrix, τ = Re(τ ) + iρ, such that (−τ) takes its values in the Siegel upper half-
space. Such a complex structure introduced over the phase space of global degrees of freedom
enables the definition of a holomorphic phase-space polarization, hence quantization of these
sectors.

The same decomposition in terms of longitudinal, transverse and global degrees of
freedom applies at the quantum level. Through the correspondence principle, these three
subsectors of quantum operators obey the Heisenberg algebra, whether for the TFT or
dynamical sector. Let us presently restrict to the TFT sector. For what concerns the local

9 Otherwise, the physical wave functional carries a projective representation of the group of LGT [10].
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operators, one has[
ϕ̂i1···ip−1(t0, �x), P̂

j1···jp−1
ϕ (t0, �y)

] = ih̄

κ
(�T )

j1...jp−1

i1...ip−1
δ(d)(�x − �y),

[
ϑ̂i1...id−p−1(t0, �x), Q̂

j1...jd−p−1

ϑ (t0, �y)
] = − ih̄

κ
(�T )

j1...jd−p−1

i1...id−p−1
δ(d)(�x − �y),

(35)

while for the global operators,

[âγ (t0), b̂
γ ′(t0)] = i

h̄

κ
I γ γ ′.

Introducing now the holomorphic combinations of the latter operators10,

ĉγ =
√

κ

2h̄

Np∑
δ=1

(Iγ δâ
δ + τγ δb̂

δ), ĉ†γ =
√

κ

2h̄

Np∑
δ=1

(Iγ δâ
δ + τ γ δb̂

δ), (36)

where Iγ δ is the inverse of the intersection matrix

Np∑
δ=1

Iγ δI
δγ ′ = δγ ′

γ ,

one finds the Fock-type algebra[
ĉγ , ĉ

†
γ ′
] = Im(τ )γ γ ′ = ργγ ′ , (37)

all other possible commutators vanishing identically. Note that this result implies that the inner
product in this sector of Hilbert space is to be defined in terms of the imaginary part (ρ−1)γ γ ′,
in a manner totally independent from the Riemannian metric structure of the compact space
submanifold �. A priori, physical observables in pure topological quantum field theories
ought nevertheless to be independent from any extraneous ad hoc structure introduced through
the quantization process such as the present complex structure.

Gauss law constraints and large gauge transformations are to be considered in the wave
functional representation of Hilbert space. The latter is spanned by the direct product of
basis vectors for the representation spaces of the algebras (35) and (37). These consist of
functionals �[ϕ, ϑ, c] of the infinite-dimensional space of field configurations in the TFT
sector. Accordingly, the inner product of such states is defined by

〈�1|�2〉 =
∫

[Dϕ][Dϑ]

[∏
γ

dcγ

]
�∗

1 [ϕ, ϑ, c]�2[ϕ, ϑ, c],

which requires the specification of a functional integration measure. This measure is taken to
be the gaussian measure for fluctuations in the corresponding fields, which is induced by the
complex structure τ in the global sector or else by the Riemannian metric on � for fluctuations
in ϕ and ϑ :

δϕ2 =
∫

�

d�x hi1k1(�x) · · · hip−1kp−1(�x)δϕi1···ip−1(�x)δϕk1···kp−1(�x),

δϑ2 =
∫

�

d�x hj1l1(�x) · · · hjd−p−1ld−p−1(�x)δϑj1···jd−p−1(�x)δϑl1···ld−p−1(�x),

δc2 =
Np∑

γ,γ ′=1

(ρ−1)γ γ ′δcγ δcγ ′ .

(38)

10 It is implicitly assumed here that the parameter κ is strictly positive. If κ is negative, the roles of the operators âγ

and b̂γ are simply exchanged in the discussion hereafter.
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In contradistinction to an ordinary pure topological quantum field theory, such a space metric
is readily available within the context of TMGT, being necessary for the specification of the
dynamical fields. Independently from the complex structure introduced in the global sector,
independence of the physical Hilbert space measure in the (ϕ, ϑ) sector on the metric on �

will be established hereafter. Consequently, the canonical commutation relations (35) and (37)
in the TFT sector are represented by the following functional operators acting on the Hilbert
space wave functionals:

ϕ̂i1...ip−1(�x) ≡ ϕi1...ip−1(�x), P̂
i1...ip−1
ϕ (�x) ≡ − ih̄

κ
(�T )

i1...ip−1

j1...jp−1

δ

δϕj1...jp−1(�x)
, (39)

ϑ̂i1...id−p−1(�x) ≡ ϑi1...id−p−1(�x), Q̂
i1...id−p−1

ϑ (�x) ≡ ih̄

κ
(�T )

i1...id−p−1

j1...jd−p−1

δ

δϑj1...jd−p−1(�x)
, (40)

ĉγ ≡ cγ , ĉ†γ ≡ −
Np∑

γ ′=1

ργγ ′
∂

∂cγ ′
. (41)

3.2.2. Gauss law constraints. The physical Hilbert space is invariant under all gauge
transformations. A first restriction arises by requiring the physical quantum states to be
invariant under small gauge transformations generated by the first class constraints. This set is
the kernel of the Gauss law constraint operators (21) which remain defined as in the classical
theory since no operator ordering ambiguity is encountered,

Ĝ(1)|�P 〉 = 0 ⇒ δ

δϑi1...id−p−1(�x)
�P [ϕ, ϑ, c] = 0,

Ĝ(2)|�P 〉 = 0 ⇒ δ

δϕi1...ip−1(�x)
�P [ϕ, ϑ, c] = 0.

Hence physical quantum states necessarily consist of wave functionals which are totally
independent of the longitudinal variables (ϕ, ϑ). When restricted to such states and properly
renormalized, the inner product integration measure is constructed from definition (38) of the
gaussian metric on the space of fluctuations in the global coordinates

〈�1|�2〉 =
∫ ∏

γ

dcγ (det ρ)−1/2�∗
1 (c)�2(c).

This measure on the physical Hilbert space is thus indeed independent of the Riemannian metric
on �, and involves only the ad hoc complex structure τ introduced towards the quantization
of the global TFT sector.

3.2.3. LGT and global variables. The structure of the physical Hilbert space dramatically
depends on the way one deals with LGT. Given the holomorphic parametrization (36), under
the lattice action of LGT of periods

(
�

γ

(p), �
γ

(d−p)

) ≡ (�(p), �(d−p)) as defined in (34) the new
global operators should transform as

c′
γ = cγ +

√
2π2κ

h̄

Np∑
γ ′=1

(
Iγ γ ′�

γ ′
(p) + τγ γ ′�

γ ′
(d−p)

)
,

c′†
γ = c†γ +

√
2π2κ

h̄

Np∑
γ ′=1

(
Iγ γ ′�

γ ′
(p) + τ γ γ ′�

γ ′
(d−p)

)
.

(42)



9624 B Bertrand and J Govaerts

Using the Baker–Campbell–Hausdorff (BCH) formulae for any two operators Â and B̂

commuting with their own commutator

eÂB̂ e−Â = B̂ + [Â, B̂], eÂ+B̂ = e− 1
2 [Â,B̂] eÂeB̂ , (43)

it may be seen that the quantum operator generating the LGT of periods (k(p), k(d−p)) is

Û (k(p), k(d−p)) = C(k(p), k(d−p))

Np∏
γ,γ ′,ε

exp

{
2π

√
κ

2h̄
(ρ−1)γ γ ′[(Iγ εk

ε
(p) + τ γ εk

ε
(d−p)

)
ĉγ ′

− (Iγ εk
ε
(p) + τγ εk

ε
(d−p)

)
ĉ
†
γ ′
]}

. (44)

The 1-cocycle C(k(p), k(d−p)) will be determined presently. This operator (44) defines the
action of LGT on the Hilbert space in the global TFT sector

Û (k(p), k(d−p))�(cγ ) =
Np∏

γ,γ ′,δ

e
π2 κ

h̄
[Iγ δk

δ
(p)+τ γ δk

δ
(d−p)](ρ

−1)γ γ ′[
√

2h̄
π2κ

cγ ′ +
∑

ε{Iγ ′εkε
(p)+τγ ′εkε

(d−p)}]

×C(k(p), k(d−p))�


cγ + π

√
2κ

h̄

Np∑
γ ′=1

[
Iγ γ ′k

γ ′
(p) + τγ γ ′k

γ ′
(d−p)

] , (45)

where the BCH formula (43) has been used. However, a U(1)× U(1) 2-cocycle ω2(k; �)

appears in the composition law of this quantum representation

Û (k(p) + �(p), k(d−p) + �(d−p)) = e2iπω2(k;�)Û (k(p), k(d−p))Û (�(p), �(d−p)),

ω2(k; �) ≡ ω2(k(p), k(d−p); �(p), �(d−p)) = πκ

h̄

Np∑
γ,γ ′=1

Iγ γ ′
[
�

γ

(d−p)k
γ ′
(p) − k

γ

(d−p)�
γ ′
(p)

]
.

The 1-cocycle C(k(p), k(d−p)) appearing in (44) may be determined by requiring that the
Abelian group composition law for LGT is recovered. This implies that ω2(k; �) is a
co-boundary,

ω2(k; �) = C1(k(p) + �(p), k(d−p) + �(d−p)) − C1(k(p), k(d−p)) − C1(�(p), �(d−p)) (mod Z),

C(k) ≡ C(k(p), k(d−p)) = e2iπC1(k(p),k(d−p)).

A careful analysis, analogous to the one in [20], finds that the unique solution to this co-
boundary condition is

κ = h̄

2π
Ik, C(k(p), k(d−p)) =

Np∏
γ,γ ′=1

eiπkIk
γ

(d−p)Iγ γ ′ kγ ′
(p) , (46)

where k ∈ Z and11 I = det(I γ γ ′) ∈ N. It is noteworthy to recall that although Iγ γ ′ is a
rational-valued matrix, IIγ γ ′ is integer valued. Note also the quantization condition arising
for the coefficient κ multiplying the topological terms in the original action of TMGT.

If k is rational, namely if k = k1/k2, with k1, k2 being strictly positive natural numbers,
invariance of physical states under LGT cannot be achieved. However, in this case the LGT
group has a finite-dimensional projective representation which may be constructed by finding
a normal subgroup generated by the LGT operators. As demonstrated in [10], the TFT part

11 Recall that κ , hence k is assumed to be strictly positive in the present discussion, while the situation for a negative
κ or k is obtained through the exchange of the sectors aγ and bγ .
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of the physical wavefunctions carries a projective representation of the group of LGT while
the above discussion establishes that the dimension of Hilbert space is

∏Np

δ=1 k1k2I Min(Iδδ′).
Any state of a given irreducible representation gives the same matrix element for a physical
observable. The characterization of Hilbert space changes qualitatively for integer or rational
values of k, but the theory remains well defined.

If we take k to be an integer, see (46), wavefunctions of the physical Hilbert space may
be classified in terms of irreducible representations of the group of LGT (45),

�


η1; cγ +

√
πIk

Np∑
γ ′

[
Iγ γ ′k

γ ′
(p) + τγ γ ′k

γ ′
(d−p)

]

=
Np∏

γ,γ ′,δ=1

exp

{
−

√
πIk

[
Iγ δk

δ
(p) + τ γ δk

δ
(d−p)

]
(ρ−1)γ γ ′

×
[
cγ ′ +

√
πIk

2

∑
ε

{
Iγ ′εk

ε
(p) + τγ ′εk

ε
(d−p)

}]}

×
Np∏

γ,γ ′=1

exp
{
2iπη1(k(p), k(d−p)) − iπkIk

γ

(d−p)Iγ γ ′k
γ ′
(p)

}
�(η1; cγ ), (47)

where the 1-cocycle η1(k(p), k(d−p)) characterizes the irreducible representation. Since for
an Abelian group each of its irreducible representations is one dimensional, physical states
corresponding to a given irreducible representation are singlet under LGT.

As is well known, functions obeying such a double periodicity condition are nothing other
than the generalized Riemann theta functions defined in any dimension on the complex Np-
torus [10], with the compact reduced phase space resulting from the requirement of invariance
under LGT,

�rδ

(
aδ

bδ

)
(cγ ) =

Np∏
γ,γ ′=1

(
e− 1

2 cγ (ρ−1)γ γ ′cγ ′ )�
[∑Np

δ′=1
I δ′δ
Ik

(aδ′ + rδ′)

bδ

](√
Ik

π
cγ

∣∣∣∣− Ikτ

)
, (48)

where rδ ∈ [0, kI Min(Iδδ′)−1] ⊂ N. Each physical subspace, characterized by the 1-cocycle

η
(ab)
1 (k(p), k(d−p)) = aγ k

γ

(p) + bγ k
γ

(d−p),

where aγ , bγ ∈ [0, 1[ ⊂ R, is invariant under a particular irreducible representation of LGT.

The TFT component of each physical Hilbert space is of dimension
∏Np

δ=1 kI Min(Iδδ′).
In general, the choice of physical Hilbert space which is invariant under all LGT is the
representation space with η1(k(p), k(d−p)) ∈ Z, namely corresponding to aγ , bγ = 0.

3.3. The dynamical sector: Hamiltonian diagonalization

Based on Hodge’s theorem, (22) and (24) define the decomposition of the dynamical sector into
three decoupled subsectors of canonically conjugate variables: the global harmonic sector and
the local (EL, PE) and (GL,QG) sectors. In turn the classical Hamiltonian (20) decomposes
into three separate contributions, one for each subsector. When quantizing the system in each
subsector, the total quantum Hamiltonian follows from the classical one without any operator
ordering ambiguity,

Ĥ [Ê, Ĝ] = Ĥ h[Êh, Ĝh] + Ĥ 1[ÊL, P̂ E] + Ĥ 2[ĜL, Q̂E].

The physical spectrum is thus identified by diagonalizing each of these contributions separately.
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3.3.1. Global degrees of freedom. The choice of normalization used previously in the
harmonic sector relies on the Poincaré duality between the basis elements [Xγ ] and [Y γ ] of
the relevant cohomology groups and their associated homology generators �

γ

(p) and �
γ

(d−p),
respectively, see (26). This choice is of a purely topological character. However, in the
dynamical sector, there is a remaining freedom as far as the normalization of the choice of
the harmonic representative of the cohomology group is concerned, depending on the metric
structure, and thus fixing the basis elements Xγ of ker 	(p) and Y γ of ker 	(d−p). This choice
involves the inner product in (13) on which the Hodge decomposition relies. Hence one sets∫

�

Xγ ∧ ∗Xγ ′ = e

g
�γγ ′ ,

∫
�

Yγ ∧ ∗Yγ ′ = g

e
�̃γ γ ′ , (49)

where �γγ ′ and �̃γ γ ′ are Np × Np real symmetric matrices. Given this normalization, the
global part of the metric-dependent quantum Hamiltonian operator constructed from (20) is
expressed as

Ĥ h[Êγ , Ĝγ ′] = 1

2
eg

Np∑
γ,γ ′=1

[Êγ Êγ ′�γγ ′ + Ĝγ Ĝγ ′�̃γ γ ′ ], (50)

while the non-vanishing commutation relations between the global phase-space operators read

[Êγ , Ĝγ ′] = −ih̄κI γ γ ′. (51)

As in the TFT sector, see (36), the following holomorphic polarization of the global
dynamical sector is used:

dγ = 1√
2h̄κ

Np∑
α=1

(IγαÊα − υγαĜα), d†
γ = 1√

2h̄κ

Np∑
α=1

(IγαÊα − υγαĜα),

where υ = Re(υ) + iσ is the Np × Np complex symmetric matrix characterizing the complex
structure introduced in the global dynamical phase-space sector, of which the imaginary part
determines the non-vanishing commutation relations of the Fock like algebra[

dγ , d
†
γ ′
] = σγγ ′ . (52)

In order to readily diagonalize the Hamiltonian in the global sector which is of the
harmonic oscillator form, it is convenient to make the following choice for the complex
structure matrix v as well as for the normalization quantities specified in (49):

Re(υ) = 0, σγ γ ′ = �̃γ γ ′ = δγ γ ′ , �γγ ′ =
Np∑

α,β=1

Iαγ Iβγ ′δαβ, (53)

where δγ γ ′ is the Np × Np Kronecker symbol. With these choices, the contribution of the
global variables to the Hamiltonian is indeed diagonal,

Hg = 1

2
h̄µNp + h̄µ

Np∑
γ,γ ′=1

d†
γ dγ ′δγ γ ′, µ = egκ.

One recognizes the Hamiltonian of a collection of Np independent harmonic oscillators of
angular frequency12 µ = egκ , which turns out to be the mass gap of the quantum field theory.
The operators dγ and d†

γ are, respectively, annihilation and creation operators obeying the Fock
algebra (52) now with σγγ ′ = δγ γ ′ . The energy spectrum in the global dynamical sector of the

12 Recall that under the assumptions of the analysis, this combination of parameters is indeed positive.
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system is readily identified. The normalized fundamental state is the kernel of all annihilation
operators

dα|0〉 = 0, εh
(0) = 1

2Nph̄µ, 〈0|0〉 = 1,

where εh
(0) is the vacuum energy. Excited states, |nγ 〉, are obtained through the action of the

Np creation operators d†
γ on the fundamental state. This leads to the energy eigenvalue for

any of these states

|nγ 〉 =
Np∏
γ=1

1√
nγ !

(
d†

γ

)nγ |0〉, ε(nγ ) = εh
(0) + h̄µ

Np∑
γ=1

nγ , (54)

{nγ }Np

γ=1 being the eigenvalues of each of the number operators d†
γ dγ , hence positive integers.

3.3.2. Local degrees of freedom on the torus. The canonical treatment of the global degrees of
freedom in both the TFT and dynamical sectors does not require the explicit specification of the
space manifold � with its topology and Riemannian metric, yet allowing the general discussion
of the previous sections. However, in order to identify the full spectrum of dynamical physical
states, the space manifold � including its geometry has now to be completely specified.
The explicit choice to be made for the purpose of the present discussion is that of the d-
dimensional Euclidean torus, � = Td , enabling straightforward Fourier mode analysis of
the then infinite discrete, thus countable set of degrees of freedom, and diagonalization of
the harmonic oscillator structure of the Hamiltonian. This particular choice of the d-torus
is motivated by the fact that this manifold is the simplest flat yet homologically non-trivial
manifold. The notations used are those of [21] where pure quantum electrodynamics is solved
on the torus, of which the conventions are extended to any p-form.

Accordingly, the variables E and G of the dynamical sector are periodic around the torus
p- and (d − p)-cycles, respectively. Their Fourier mode expansions read

E
i1...ip
⊥ (�x) = δi1j1 · · · δipjp

∑
k �=0

d−1∑
α1=1

...
αp−1=1

ε
α1...αp

j1...jp
(k)Eα1...αp (k) e2iπk(�x),

where Eα1...αp (k) is a complex-valued antisymmetric tensor and k are discrete vectors of the
torus dual lattice of which the components are measured in units of L−1. Their norm is
expressed as ω(k) = √

kikj δij . Note that the zero modes of the fields are not included in
these expressions, as emphasized by the subscript ⊥. In fact, these zero modes are the global
degrees of freedom which have already been dealt with in the previous section. The real-valued
tensors ε

α1···αp

i1...ip
(k) define a basis of orthonormalized polarization tensors for each k �= 0. In

our conventions, these tensors are constructed from a orthonormalized basis of polarization
vectors εα

i (k) for a vector field such that

εα
i (k)ε

β

j (k)δij = δαβ, (55)

where δαβ is the Kronecker symbol in polarization space. This basis is chosen in such a way
that, for each k �= 0, the dual lattice vector εd(k) is longitudinal whereas the vectors εα(k) are
transverse for α = 1, . . . , d − 1. Finally, it is convenient to choose for the longitudinal vector

εd(k) = k

ω(k)
, k �= 0.
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Given the recursion relation induced by the Hodge decomposition theorem, the general
polarization tensor of any p-tensor field may be expressed as

ε
α1...αp

i1...ip
(k) = 1

p!
ε

α1
[i1

(k) · · · εαp

ip](k),

which may likewise be decomposed into transverse and longitudinal components

Longitudinal:
{
ε

α1,...,αp−1d

i1...ip−1ip
(k)
}d−1

α1,...,αp−1=1; Transverse:
{
ε

α1...αp

i1...ip
(k)
}d−1

α1,...,αp=1. (56)

Given any mode, the C
p

d degrees of freedom of a phase-space field then separate into C
p−1
d−1

longitudinal and C
p

d−1 transverse degrees of freedom. These notations having been specified,
and using the decompositions defined in (24), the relevant quantum operators are Fourier
expanded as

Ê
i1...ip
⊥ (�x) =

∑
k �=0




δi1j1 · · · δipjpp

d−1∑
α1=1

...
αp−1=1

ε
α1,...,αp−1d

j1...jp−1jp
(k)Ê

α1,...,αp−1

L (k)

+ κ
εi1...ipj1...jd−p

(d − p − 1)!

d−1∑
α1=1

...
αd−p−1=1

ε
α1...αd−p−1d

j1...jd−p−1jd−p
(k)Q̂

α1...αd−p−1

G (k)




e2iπk(�x),

Ĝ
ip...id−p

⊥ (�x) =
∑
k �=0




δi1j1 . . . δid−pjd−p (d − p)

d−1∑
α1=1

...
αd−p−1=1

ε
α1...αd−p−1d

j1...jd−p−1jd−p
(k)Ĝ

α1...αd−p−1

L (k)

+
κ

(p − 1)!
εj1...jpi1...id−p

d−1∑
α1=1

...
αp−1=1

ε
α1,...,αp−1d

j1...jp−1jp
(k)P̂

α1,...,αp−1

E (k)




e2iπk(�x).

The self-adjoint property of the operator Êi1...ip (�x) translates into the following relations
between the associated mode operators and their adjoint:

d−1∑
α1=1

...
αp−1=1

ε
α1,...,αp−1d

j1...jp−1jp
(k)Ê

α1,...,αp−1

L (k) =
d−1∑
α1=1

...
αp−1=1

ε
α1,...,αp−1d

j1...jp−1jp
(−k)Ê

†α1...αp−1

L (−k),

d−1∑
α1=1

...
αd−p−1=1

ε
α1...αd−p−1d

i1...id−p−1id−p
(k)Q̂

α1...αd−p−1

G (k) =
d−1∑
α1=1

...
αd−p−1=1

ε
α1...αd−p−1d

i1...id−p−1id−p
(−k)Q̂

†α1...αd−p−1

G (−k).

Similar relations apply for the modes of the self-adjoint operator Ĝip...id−p (�x).
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Consequently, this decomposition of the nonzero modes of the field operators in the
dynamical sector leads to two decoupled subsectors, each of which is comprised of a countable
set of mode operators with k �= 0. In the first subsector one has the operators ÊL(k) and
P̂ E(k) with the following non-vanishing commutation relations:[

Ê
†α1...αp−1

L (k), P̂
β1···βp−1

E (k′)
] = i

h̄

V
δα1[β1 · · · δαp−1βp−1]δkk′ , (57)

while in the second subsector the operators ĜL(k) and Q̂G(k) possess the commutator algebra[
Ĝ

†α1...αd−p−1

L (k), Q̂
β1···βd−p−1

G (k′)
] = i

h̄

V
δα1[β1 · · · δαd−p−1βd−p−1]δkk′ , (58)

V being the volume of the space torus � = Td .
This Fourier mode decomposition reduces the problem of diagonalizing the Hamiltonian

to a simple exercise in decoupled quantum oscillators, with

Ĥ 1[ÊL, P̂ E] = V

2(p − 1)!

∑
k �=0

{
κ2g2

(
P̂

α1...αp−1

E (k)
)2

+
ω̃2(k)

κ2g2

(
Ê

α1···αp−1

L (k)
)2
}

, (59)

Ĥ 2[ĜL, Q̂E] = V κ2e2

2(d − p − 1)!

∑
k �=0

{(
Q̂

α1...αd−p−1

G (k)
)2

+
ω̃2(k)

κ4e4

(
Ĝ

α1...αd−p−1

L (k)
)2
}

. (60)

In these expressions the following notation is being used:

(
Ê

α1...αp−1

L (k)
)2 =

d−1∑
α1,...,αp−1=1
β1,...,βp−1=1

Ê
α1...αp−1

L (k)Ê
†β1···βp−1

L (k)δα1β1 · · · δαp−1βp−1 .

Operators (59) and (60) are nothing other than the Hamiltonians of a collection of C
p−1
d−1 and

C
p

d−1 independent harmonic oscillators, respectively, all of angular frequency

ω̃(k) =
√

4π2ω2(k) + µ2, µ = egκ.

The physical spectrum may easily be constructed by introducing annihilation and creation
operators associated with algebras (57) and (58). The annihilation operators are defined by

aα1...αp−1(k) = 1

κg

√
V ω̃(k)

2h̄

(
Ê

α1...αp−1

L (k) + i
g2κ2

ω̃(k)
P̂

α1...αp−1

E (k)

)
,

bα1...αd−p−1(k) = 1

κe

√
V ω̃(k)

2h̄

(
Ĝ

α1...αd−p−1

L (k) + i
κ2e2

ω̃(k)
Q̂

α1...αd−p−1

G (k)

)
,

whereas the creation operators a†α1···αp−1(k) and b†α1···αd−p−1(k) are merely the adjoint operators
of aα1...αp−1(k) and bα1...αd−p−1(k), respectively. One then establishes the Fock algebras

[aα1...αp−1(k), a†β1···βp−1(k′)] = δα1[β1 . . . δαp−1βp−1]δkk′ ,

[bα1...αd−p−1(k), b†β1···βd−p−1(k′)] = δα1[β1 . . . δαd−p−1βd−p−1]δkk′ ,
(61)

whereas (59) and (60) then reduce to the simple expressions

Ĥ 1[a, a†] = h̄
∑
k �=0

ω̃(k)


1

2
C

p−1
d−1 +

d−1∑
α1<···<αp−1

a†α1···αp−1(k)aα1...αp−1(k)


 ,

Ĥ 2[b, b†] = h̄
∑
k �=0

ω̃(k)


1

2
C

p

d−1 +
d−1∑

α1<···<αd−p−1

b†α1···αd−p−1(k)bα1...αd−p−1(k)


 .
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The Fock space representation is based on the normalized Fock vacuum |0〉, 〈0|0〉 = 1, which
is the kernel of all annihilation operators

aα1...αp−1(k)|0〉 = 0, bα1...αd−p−1(k)|0〉 = 0, ε1+2
(0) = 1

2
h̄C

p

d

∑
k �=0

ω̃(k),

where ε1+2
(0) is the divergent total vacuum energy. Excited states are obtained through the action

onto the Fock vacuum of all C
p

d = C
p−1
d−1 + C

p

d−1 creation operators, see (61). This leads to
states |nγ (k)〉 with energy eigenvalues

ε(nγ (k)) = ε1+2
(0) + h̄

∑
k �=0

C
p

d∑
γ=1

nγ (k)ω̃(k), (62)

where {nγ (k)}C
d
p

γ=1 are positive integers corresponding to number operator eigenvalues. A
shorthand notation is used in (62) with the index γ labelling the C

p

d possible combinations
of a set of p distinct integers in the range [1, d], {α1, . . . , αi, . . . , αp}dαi=1, which will be
referred to as �

p

d .

4. Spectrum and projection onto the TFT sector

4.1. Physical spectrum on the torus

Combining all the results of the previous sections for what concerns the diagonalization of the
physical TMGT Hamiltonian on the spatial d-torus � = Td , the complete energy spectrum of
states is given as

ε(nγ (k)) = ε(0) + h̄
∑
k∈Z

d

∑
γ

nγ (k)ω̃(k), (63)

which is the sum of the contributions (54) and (62). Note that on the d-torus, the pth Betti
number, Np, equals C

p

d . The components of the vector k of the dual lattice may take any

integer values since it is implicit in (63) that {nγ (0)}C
p

d

γ=1 = {nγ }Np

γ=1. However, the index γ has
a different meaning whether k �= 0 or k = 0. In the first case it refers to a value in the set �

p

d

and denotes one of the possible C
p

d polarizations, while in the second case it is a (co)homology
index, γ = 1, . . . , C

p

d . The total vacuum energy ε(0) in (63) is divergent,

ε(0) = 1

2
h̄C

p

d

∑
k∈Z

d

ω̃(k),

and must be subtracted from the energy spectrum.
The positive integer-valued functions nγ (k) count, for each k �= 0, the number of massive

quanta of a p- or (d − p)-tensor field of momentum 2πh̄k, of polarization (56), namely

Transverse: ε
γ

i1...ip
(k), γ ∈ �

p

d−1; Longitudinal: ε
γd

i1...ip
(k), γ ∈ �

p−1
d−1 ,

and of rest mass13

M = h̄µ = h̄κeg. (64)

There are also the contributions of the global quanta of the p- and (d −p)-tensor fields, where

{nγ (0)}C
p

d

γ=1 count the numbers of excitations along the homology cycle generators �
γ

(p) and

13 A quantity indeed positive under the assumptions made.
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�
γ

(d−p). In the particular case when p = 1, the integers {nγ (k)}dγ=1 count, for each k �= 0, the
number of massive photons of momentum 2πh̄k, of rest mass M and of polarization

Transverse:
{
ε

γ

i (k)
}d−1

γ=1, Longitudinal: εd
i (k).

Depending on how one deals with large gauge transformations in the TFT sector,
each energy state is either infinitely degenerate for a real-valued k, see (46), or(∏Np

δ=1 k1k2I Min(Iδδ′)
)

times degenerate if k is a rational number of the form k = k1/k2.

If k is an integer, each energy state is
(∏Np

δ=1 kI Min(Iδδ′)
)

times degenerate and the mass gap
is then quantized

M = h̄2

2π
Ikeg.

In the Maxwell–Chern–Simons (MCS) case in 2 + 1 dimensions, we recover in the global
sector a quantum mechanical system corresponding to the Landau problem of condensed
matter physics on the 2-torus.

4.2. Projection onto the topological field theory sector

At least formally, the naive limit of infinite coupling constants, e → ∞ and g → ∞, in the
classical Lagrangian of topologically massive gauge theories, see (4) and (5), must lead to a
pure topological field theory (TFT) of the B ∧ F or A ∧ F type, see (1) or (3). However,
as pointed out by several authors (see for example [19, 22]), a paradox seems to arise at
the quantum level (as well as within the classical Hamiltonian formulation) when the pure
Chern–Simons (CS) theory is viewed as the limit e → ∞ of the Maxwell–Chern–Simons
(MCS) theory. The Hilbert space of the CS theory is constructed from the algebra of the
non-commuting configuration space operators which are in fact canonically conjugate phase-
space operators. As far as the MCS theory is concerned, its Hilbert space is constructed
from the Heisenberg algebras of twice as many phase-space operators. This problem is
generic whenever a pure quantum TFT (TQFT) is considered as the limit of its associated
TMGT because two distinct Hilbert spaces are being compared. Actually, due to the second-
class constraints appearing in the Hamiltonian analysis of a TFT which is already in the
Hamiltonian form, non-vanishing commutation relations apply to the configuration space
operators. Furthermore, the Gauss law constraints of pure TFT are not the limit of the Gauss
law constraints of TMGT. The former operators tend to restrict too drastically the physical
Hilbert space in comparison to the limit of the TMGT physical Hilbert space.

This problem of an ill-defined limit is usually handled by projecting from the Hilbert
space of the TMGT onto its degenerate ground state. This projection actually acts in a manner
similar to second-class constraints which then lead to a reduced phase space and non-vanishing
configuration space commutation relations determined from the associated Dirac brackets. The
global sector of the MCS theory is analogous to the classical Landau problem of a charged
point particle of mass m moving in a two-dimensional surface in the presence of a uniform
external magnetic field B perpendicular to that surface. Within the latter context the mass gap
(64) corresponds to the cyclotron frequency ωc [22, 23]. The spectrum of the quantized model
is organized into Landau levels (with a degeneracy dependent on the underlying manifold) of
which the energy separation ωc is proportional to the ratio B/m. The limit B → ∞ or m → 0
effectively projects onto the lowest Landau level (LLL) in which one obtains a non-commuting
algebra for the space coordinates. By analogy, projection onto the ground state reduces the
phase space of the MCS theory to the canonically conjugate configuration space operators of a
pure CS theory. In the global sector, the projection from a general TMGT, (4), to a pure TQFT
offers in some sense a generalization of the LLL projection in any dimension. Considering that
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the mass gap (64) of the TMGT becomes infinite for coupling constants running to infinity, all
excited states decouple from the physical spectrum, leaving over only the degenerate ground
states. Projection onto these ground states restricts the Hilbert space to that of a TQFT.

Interestingly, the PT factorization established in this work enables the usual projection
from TMGT to TQFT to be defined in a natural way. Already in the classical Hamiltonian
formulation phase space is separated into two decoupled sectors, the first being dynamical
and manifestly gauge invariant, and the second being equivalent to a pure TFT with identical
Gauss law constraints and commutation relations. As a matter of fact in the present approach
which does not require any gauge-fixing procedure whatsoever, the non-commuting sector
of a CS theory or, more generally, the reduced phase space of a TQFT appears no longer
after the projection onto the ground state at the quantum level (or after the introduction of
Dirac brackets) but is manifest already at the classical Hamiltonian level. By letting e or
g grow infinite, the mass gap (64) becomes infinite, hence dynamical massive excitations
decouple whereas the TFT sector, which is independent of the coupling constants, remains
unaffected. In this limit, the system looses any dynamics, the latter being intimately related
to the Riemannian metric structure of the spacetime manifold, while all that is then left is a
wavefunction depending on global variables only, namely the quantum states of a TQFT.

5. Conclusion and outlook

The main result of this paper is the identification of a physical–topological (PT) factorization
of the classical phase space of Abelian topologically massive gauge theories (TMGT) in
any dimension, into a manifestly gauge invariant and dynamical sector of non-commuting
‘electric fields’ and a gauge variant purely topological sector of the B ∧ F or A ∧ F type.
This factorization is achieved through a canonical transformation in the phase space of TMGT.
The discussion considers the most general action for Abelian TMGT in any dimension and
for any p-form fields, including the two possible types of topological terms related through an
integration by parts. The clue to this PT factorization relies on the identification of a topological
field theory embedded in the full TMGT, which is not manifest in the original Hamiltonian
formulation. Let us emphasize that the procedure does not require any gauge-fixing choice
whatsoever, with its cortege of second-class constraints or ghost degrees of freedom. Rather,
the PT classical factorization readily allows for a straightforward quantization of these systems
and the identification of their spectrum of gauge-invariant physical states, accounting also for
all the topological features inherent to such dynamics.

In the early 1990’s, A P Balachandran and P Teotonio-Sobrinho [24] established that it is
possible to identify among the phase-space variables of a TMGT combinations corresponding
to those of a TFT. They noticed that, in a particular case of an underlying manifold with
boundary, edge states may be understood in terms of a TFT, already at the classical level.
Nevertheless, this paper did not realize the powerful gauge-fixing free factorization of the
theory into two decoupled sectors as described in the present work. Incidentally, it should be
of interest to analyse how this new approach may shed new light onto this paper, in a manner
akin to that in which it makes most transparent and natural the projection onto a topological
field theory through the limits e, g → ∞, generalizing the concept of projection onto the
lowest Landau level of the Landau problem. In the present approach, the TFT sector with its
reduced phase space is actually made manifest already at the classical level, independently of
any projection onto the quantum ground state, or any classical projection onto physical edge
states in the case of a manifold with boundary.

The formalism of TMGT defined by the actions in (4) or (5) offers a possible description of
some phenomenological phenomena such as effective superconductivity [24, 25], Josephson
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arrays [26], etc. Furthermore, it is certainly of interest to investigate the perspectives offered
by the PT factorization when a B ∧ F or A ∧ F field theory is coupled to (non)relativistic
matter fields as an effective description of phenomena related, for example, to QCD
confinement [27]. It is also of interest to extend this approach to Yang–Mills–Chern–Simons
theories [15, 23] or to the non-Abelian generalization of the Cremmer–Scherk theory which
requires the introduction of extra fields or to allow for non-renormalizable couplings since the
generalization to a local, power counting renormalizable action while preserving the same field
content and the same number of local symmetries as the Abelian theory (4) is not possible (see
[28] and references therein). However, the long term goal is to gain a deeper understanding of
the influence of topological terms, such as the topological mass gap, and of topological sectors
in field configuration space on the nonperturbative dynamics of gauge theories, beginning with
Yang–Mills theories coupled to whether fermionic or bosonic matter fields.
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